§ 1. Introduction
In this paper, we prove that each of the compact linear groups of one certain type admits a polynomial factorization map onto a vector space.
This problem arose from the question when the topological quotient of a compact linear group is homeomorphic to a vector space that was researched in [1, 2, 3, 4, 5] . In [1] , the result for finite groups is obtained. Namely, the necessary and sufficient condition is that the group is generated by pseudoreflections. Moreover, for the most of such groups, a polynomial factorization map onto a vector space is explicitly constructed. In [2] , the case of infinite groups with commutative connected components is considered. For any n 1 , n 2 , n 3 ∈ N, denote by G(n 1 , n 2 , n 3 ) the subgroup of the group GL R (C 3 ) generated by the operators
However, the proof is based on purely topological aspects. In this work, we will prove that each of the linear groups
, is an R-linear automorphism. In terms of the sodefined coordinates w 1 , w 2 , w 3 , the linear group G ⊂ GL R (C 3 ) is generated by the operators (w 1 , w 2 , w 3 ) → (λw 1 , λw 2 , λ n w 3 ) (λ ∈ T) and τ : (w 1 , w 2 , w 3 ) → (w 2 , w 1 , w 3 ). The group
In this paper, we will show that the (obviously, R-polynomial) map
is a factorization map of the linear group G ⊂ GL R (C 3 ). § 2. Proof of the main result
, and the action Γ : C uniquely defined by the relations γ
and its fibres coincide with the orbits of the action
Statement 2.1. If p, q ∈ M and q ∈ Γp, then q ∈ Γ 0 p. We have q = γp for some γ ∈ Γ. If γ ∈ Γ 0 , then the claim is evident. Suppose that γ / ∈ Γ 0 . From the relations |Γ/Γ 0 | = 2 and γ / ∈ Γ 0 , we obtain that
Denote by π the map
We omit the proof since it is clear. It is easy to see that, for any m ∈ N, the map
2 , r 1 r 2 is surjective, and its fibres coincide with the subsets (r 1 , r 2 ), (r 2 , r 1 ) ⊂ R 2 0 . Corollary 2.2. The map π : C → C is surjective, and its fibres coincide with the orbits of the action Γ : C.
Follows from Statements 2.2 and 2.3.
and its fibres coincide with the orbits of the action G : C 3 .
Recall that π 0 (C
Clearly, p ∈ M if and only if 
According to Corollary 2.2, the map π :
and its fibres coincide with the orbits of the action G :
Follows from Proposition 2.1 and Corollary 2.3.
Consider the maps
We need to prove that ϕ 0 (a, b, c) ⊂ L consists exactly of all elements (t − c, |b|, t, a, tb n , b) ∈ C (t ∈ R 0 , t c, |a 2 | + |a 2 − 4tb n | − |4tb n | = 2(t − c)t). Set f + (t) := 2(t−c)t, f − (t) := |a 2 |+|a 2 −4tb n |−|4tb n |, and f (t) := f + (t)−f − (t) (t ∈ R). We should show that there exists a unique number t ∈ R 0 such that t c and f (t) = 0. The subset I := {t ∈ R 0 : t c} ⊂ R 0 has the form [t 0 ; +∞), t 0 := max{0, c} ∈ R 0 .
The function f + is strictly increasing on the subset I ⊂ R 0 and satisfies f + (t 0 ) = 0; (2. Obviously, f + , f − ∈ C(R), implying f ∈ C(R). Due to the triangle inequality, f − (t) = |a 2 |+|a 2 −4tb n |−|4tb n | 0 (t ∈ R). In particular, f − (t 0 ) 0. By (2.3), f (t 0 ) 0.
